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Abstract

A geometric approach to the friction phenomena is presented. It is based on the holographic view which has recently been popular in the
theoretical physics community. We see the system in one-dimension-higher space. The heat-producing phenomena are most widely treated
by using the non-equilibrium statistical physics. We take 2 models of the earthquake. The dissipative systems are here formulated from the
geometric standpoint. The statistical fluctuation is taken into account by using the (generalized) Feynman’s path-integral.
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1. INTRODUCTION

The system we consider consists of the huge number of
particles (blocks) and the size of the constituent particles is
themesoscopic-scale. It is lager than 50 nm=5×10−8m and is
far bigger than the atomic scale (∼ 10−10m). It is smaller than
or nearly equal to the optical microscope scale (∼ 10−6m) in
the branches such as the soft-matter physics, the nano-science
physics and the biophysics. The larger end of the mesoscopic
(length) scale depends on each phenomenon. For the earth-
quake it is about 10−4m.

The physical quantities, such as velocity, energy and en-
tropy, are thestatistically-averagedones. It is not obtained
by the deterministic way like the classical (Newton) mechan-
ics. Renormalizationphenomenon occurs not from the quan-
tum effect but from the statistical fluctuation due to the un-
certainty caused by the following facts. Firstly each particle
obeys the Newton’s law with differentinitial conditions. The
total number of particles, N, is so large that we do not or can
not observe the initial data. Usually we do not have interest
in the trajectory of every particle and do not observe it. We
have interest only in the macroscopic quantities:total energy
and total entropyare the most important ones. Secondly, in
the real system, the size and shape differ particle by particle.
We regard the randomness as a part of fluctuation. Finally the
models, presented in the following, contains discrete parame-
ters (tn in Sec.2 andyn in Sec.3). As far as the discreteness is
kept (in the case that we no not take the continuous limit), the
quantities determined by the minimal principle include the in-
evitable ambiguity which is regarded as a part of fluctuation.

After the development of the string and D-brane theories[1,
2], one general relation, between the 4-dimensional(4D) con-
formal theories and the 5D gravitational theories, was pro-
posed. The 5D gravitational theories are asymptotically AdS5[3,
4, 5]. The proposal claims the quantum behavior of the 4D
theories is obtainable by the classical analysis of the 5D grav-
itational ones. The development along the extra axis can be
regarded as the renormalization flow. This approach (called
AdS/CFT) has been providing non-perturbative studies in sev-
eral branches: quark-gluon plasma physics, heavy-ion colli-
sions, non-equilibrium statistical mechanics, superconductiv-
ity, superfluidity[6, 7]. Especially, as the most relevant to
the present work, the connection with the hydrodynamics is
important[8]. When a black hole is given a perturbation, the
effect decays as the relaxation phenomenon. The transport
coefficients, such as viscosities, speed of sound, thermal con-
ductivity, are important physical quantities.

We take, in Sec.3, Burridge-Knopoff model for the earth-
quake analysis[9, 10]. It was first introduced by Burridge and
Knopoff[11]. Carlson, Langer and collaborators performed a
pionering study of the statistical properties [12, 13]. Further
development was reviewed in ref.[14].

We exploit thecomputational step number ninstead of
(usual) time. The step flow is given by the discrete Morse
flows theory[15, 16]. In the first model (Sec.2), we adopt
this step-wise approach for thetime-development. The time
variable is introduced astn = nh (h : time-interval unit).
In the second model (Sec.3), we take the approach for the
space-propagation. The position variable is introduced as

yn = na (a : space-interval unit). The non-equilibrium dissi-
pative system is recently formulated using the discrete Morse
flows theory combined with the (generalized) path-integral
[17, 18].

2. SPRING-BLOCK MODEL

We treat the movement of a block which is pulled by the
spring which moves at the constant speedV̄. The block moves
on the surface with friction. This is called the spring-block
(SB) model. We adopt thediscrete Morse flowsmethod to
treat this non-equilibrium system [15, 16]. We take the fol-
lowing n-th energy function to define the step(n) flow.

Kn(x) = V(x) − hnkV̄x+
η

2h
(x− xn−1)2

+
m

2h2
(x− 2xn−1 + xn−2)2 + K0

n , V(x) =
kx2

2
+ kℓ̄x, (1)

whereη is the friction coefficient andm is the block mass.
h is the ’time’ interval parameter.x is the position of the
block. The potentialV(x) has two terms: one is the harmonic
oscillator with the spring constantk, and the other is the linear
term of x with a new parameter̄ℓ (the natural length of the
spring).V̄ is the velocity (constant) with which the front-end
of the spring moves.K0

n is a constant which does not depend
on x. Then-th stepxn is determined by the energy minimum
principle: δKn(x)|x=xn = 0 with the pre-known position at the
(n-1)-th,xn−1, and that at the (n-2)-th,xn−2.

k
m

(xn + ℓ̄ − nhV̄) +
1
h2

(xn − 2xn−1 + xn−2) +

η

m
1
h

(xn − xn−1) = 0 , ω ≡
√

k
m
, η′ ≡ η

m
, (2)

wheren = 2,3,4, · · ·. For the continuoustime limit: h →
0,nh = tn → t, vn ≡ (xn − xn−1)/h → ẋ, (xn − 2xn−1 +

xn−2)/h2 → ẍ, the above recursion relation reduces to the
following differential equation.

mẍ = k(V̄t− x− ℓ̄) − ηẋ . (3)

This is the ordinary one for the spring-block model. See
Fig.1.

The graph of movement (xn, eq.(2)) is shown in Fig.2.
From the graph, we see this system starts with thestick-slip
motion and reaches thesteady stateasn → ∞. Fig.3 shows
the energy change as the step flows. It shows the energy os-
cillates periodically and the amplitude goes down as the step
goes. The physical dimensions of the parameters in (3) are
listed as

[m] = M, [k] = MT−2, [ℓ̄] = L, [η] = MT−1,

[V̄] = LT−1, (4)

where we assume [x] =L, [t] =T and [h] =T. (M: mass,
T: time, L: length.)

Now we consider Ncopiesof the one body system (2). N
is sufficiently large, for example, 1023(1 mol). We aremodel-
ing the present statistical system as follows. The N particles
are ”moderately” interacting each other in such way that each
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particle almost independently moves except that energy is ex-
changed. The interaction is not so strong as to break the dy-
namics (2). We use Feynman’s path-integral method in order
to take the statistical average of this N-copies system. The
statistical ensemble measure will be given explicitly.

From the energy expression (1), we can read themetric
(geometry) of this mechanical system.

∆sn
2 ≡ 2h2(Kn(xn) − K0

n)

= 2 dt2V1(Xn) + (∆Xn)2 + (∆Pn)2,

V1(Xn) ≡ V(
Xn√
ηh

) − nk

√
h
η

V̄Xn, dt ≡ h, (5)

whereXn ≡
√
ηhxn, Pn/

√
m≡ hvn = (xn − xn−1),. Using this

metric, we can introduce the associatedstatistical ensemble
of the spring-block model[19, 20, 21].

[Statistical Ensemble 1a]
The first choice of the metric in the 3D (t,X,P) manifold

is the Dirac-type one:

(ds2)D ≡ 2V1(X)dt2 + dX2 + dP2

− on-path (X = y(t),P = w(t))→
(2V1(y) + ẏ2 + ẇ2)dt2, (6)

where{(y(t),w(t))|0 ≤ t ≤ β} is a path (line) in the 3D space.
See Fig.4. (The momentum variableP is the ”extra” coordi-
nate in the holographic view. ) The length between 0≤ tn =
nh≤ β and the ensemble measure are given by

LD =

∫ β
0

ds|on−path =

∫ β
0

√
2V1(y) + ẏ2 + ẇ2dt

= h
β/h∑
n=0

√
2V1(yn) + ẏ2

n + ẇ2
n, dµ = e−

1
α LD

∏
t

DyDw,

e−βF =
∫ ∏

n

dyndwne−
1
α LD , (7)

where the free energyF is defined. (e−βF is the partition
function.)α is a parameter (’string tension’) with the dimen-
sion of

√
ML/T. The dimensionless oneα′ can be defined

by α′ = α/Dc where Dc is the characteristic dimensional
unit with the dimension of

√
ML/T. For example

√
mℓ̄/h,

ℓ̄η/
√

m, or ℓ̄
√

k. α′ is determined by the experimental data.

[Statistical Ensemble 1b]
The second choice of the metric is the standard type:

(ds2)S ≡
1

dt2
[(ds2)D]2 − on-path→

(2V1(y) + ẏ2 + ẇ2)2dt2. (8)

Then the statistical ensemble is given by using the following
length:

LS =

∫ β
0

ds|on−path =

∫ β
0

(2V1(y) + ẏ2 + ẇ2)dt =

h
β/h∑
n=0

(2V1(yn) + ẏ2
n + ẇ2

n),

dµ = e−
1
α LSDyDw, e−βF =

∫ ∏
n

dyndwne−
1
α LS

= (const)
∫ β/h∏

n=0

dyne−
h
α (2V1(yn)+ẏ2

n). (9)

Note thatw(t) decouples fromy(t). The last expression is,
whenV̄ = 0, ℓ̄ = 0, the same as the partition function of the
system of N(= β/h) harmonic oscillators with the frequency√

k/ηh[19]. The minimal path of (9), by changingyn →
y, nh → t and using the variationy → y+ δy, we obtain

−ηhẍ = k(V̄t− x− ℓ̄), x =
y√
ηh

. (10)

Comparing with (3), we notice 1) the viscous term disap-
peared; 2) the mass parameterm is replaced byηh; 3) the
sign in front of the acceleration-term (inertial-term) is differ-
ent. By changing to the Euclidean timeτ = it, the above
equation reduces to the harmonic oscillator when we take
V̄ = 0, ℓ̄ = 0.

[Statistical Ensemble 2]
The first two statistical ensembles are based on theline in

the 3D manifold (t,X,P). We present here another type which
is based on thesurfacein the 3D space. First the 3D metric
(Dirac type) is re-expressed in the following general form.

(ds2)D ≡ 2V1(X)dt2 + dX2 + dP2 ≡ e1GIJ(X̃)dX̃I dX̃J,

I , J = 0,1,2; (X̃0, X̃1, X̃2) ≡ (t/d0,X/d1,P/d2)

e1 = mℓ̄2, d0 =

√
k
m
,d1 = d2 =

√
mℓ̄,

(GIJ) =

 2d0
2V1(d1X̃1) 0 0

0 d1
2 0

0 0 d2
2,

 (11)

where we have introduced thedimensionlesscoordinatesX̃I .
Here we introduce the following surface to define a ”path”
(surface) in the 3D space.

X2

d1
2
+

P2

d2
2
=

r(t)2

d1
2
, 0 ≤ t ≤ β, (12)

where the radius parameter r is chosen to have the dimension
of
√

ML. See Fig.5. Then we can define theinduced metric
gi j on the 2D surface.

(ds2)D

∣∣∣on-path= 2V1(X)dt2 + dX2 + dP2
∣∣∣on-path

= e1

2∑
i, j=1

gi j (X̃)dX̃idX̃ j , e1 = mℓ̄2 ,

(gi j ) =

 1+ e1

d1
2

2V1

r2ṙ2 X2 e1
d1d2

2V1

r2ṙ2 XP
e1

d1d2

2V1

r2ṙ2 PX 1+ e1

d2
2

2V1

r2ṙ2 P2

 , (13)

Using the (dimensionless) surface areaA, the third partition
function e−βF is given by

A =
∫ √

detgi j d
2X̃ =

1
d1d2

∫ √
1+

2V1

ṙ2
dXdP,

e−βF =
∫ ∞

0
dρ
∫

r(0) = ρ
r(β) = ρ

∏
t

DX(t)DP(t)e−
1
αA, (14)

3



S. Ichinose/ Tribology International 00 (2015) 1–6 4

whereα is the (dimensionless) ”string” constant and here is a
model parameter. It is determined by fitting the present result
with the experimental data. (Note2V1

ṙ2 is dimensionless. )

3. BURRIDGE-KNOPOFF MODEL

Let us take the followingn-th energy function to define
Burridge-Knopoff (BK) model in the step(n) flow method.

In(x) = −xF(ẋn−1) +G(ẋn−1)
1
a

(x− xn−1)(ẋn−1 − ẋn−2)

+
m
2

(
dx
dt

)2 − k
2

(x− Vt)2 +
K

2a2
(x− 2xn−1 + xn−2)2 + I0

n, (15)

where ẋn = dxn(t)/dt. t is the time variable.I0
n is a con-

stant term which does not depend onx(t). We consider the
system ofN particles (blocks) which distribute over the (1-
dim) space{y}. m is the mass of one block.k and K are
the spring-constants, the former is for the springs connect-
ing the blocks, the latter is for the springs connecting to the
moving (velocityV ) ’plate’. The coordinatey is taken to
be periodic:y → y + 2L. The particles (blocks) are moving
around the equilibrium points{Pn | n = 1,2, · · · ,N − 1,N}
wherePN ≡ P0 (periodic boundary condition). The pointPn

is located aty = yn ≡ na (Na = 2L) wherea is the ’lattice-
spacing’.N(= 2L/a) is a huge number and the present system
constitutes the statistical ensemble. The n-th particle’s posi-
tion att, xn(t) (deviation from the equilibrium pointPn) is de-
termined by the energy minimal principleδIn(x)|x=xn = 0 with
the pre-known movement of the (n-1)-th particle,xn−1(t), and
that of the (n-2)-th,xn−2(t).

−m
d2xn

dt2
− F(ẋn−1) +G(ẋn−1)

ẋn−1 − ẋn−2

a

−k (xn − Vt) +
K
a2

(xn − 2xn−1 + xn−2) = 0, (16)

where 0≤ t ≤ β, andF(ẋn−1) andG(ẋn−1) are some func-
tions of ẋn−1. This recursion relation determines the space-
propagation. We assume the system is periodic in time:t →
t+β. This is Burridge-Knopoffmodel (Fig.6). (See the recent
review article ref.[14] for the use of BK model in the earth-
quake phenomena. ) G is newly introduced in the present
paper.

In the continuous space limit:

aN = 2L (fixed), a → +0, N → ∞,
yn → y, xn → x, (xn − xn−1)/a → ∂x/∂y, (17)

the step flow equation (16) reduces to

−m
∂2x
∂t2
− F(ẋ) +G(ẋ)

∂2x
∂y∂t

− k(x− Vt) + K
∂2x
∂y2
= 0,

x = x(t, y) , ẋ =
∂x(t, y)
∂t

. (18)

Note that, in the third term of the above equation, there ap-
pears thevelocity-gradient∂

2x
∂y∂t . (When the system slowly os-

cillates and G is expanded asG(ẋ) = η + c1ẋ + · · ·, the first
constant is theviscosity. ) The physical dimensions of the
parameters in (18) are listed as

[m] = M, [k] = MT−2, [V] = LT−1, [K] = ML2T−2, (19)

where we assume [x] = [y] =L, [t] =T and [a] =L.
Using the periodicity in time, we can read themetric(ge-

ometry) of this mechanical system.

∆sn
2 ≡ 2a2(In(xn) − I0

n) =

{−2xnF(ẋn−1) +mẋ2
n − k(xn − Vt)2}dy2

−a
∂G(ẋn−1)
∂t

∆xn
2 + Ka2 ∆ṽn

2 , dy≡ a,

∆xn ≡ xn − xn−1,
xn − xn−1

a
≡ ṽn, ṽn − ṽn−1 = ∆ṽn, (20)

where we assume∆ẋn−1 = ∆ẋn. ṽn is thelongitudinal strain.
The full(complete) metric,GIJ, is constructed from (20) as

d̃s
2
= {−2xF(v) +mv2 − k(x− Vt)2}(dy2 − dt2)

+ma2dv2 − a
∂G(v)
∂t

dx2 + Ka2 (
∂v
∂y

)2dt2

= e1GIJ(X)dXI dXJ,e1 = Ka2 or ma2V2, v ≡ ẋ =
∂x
∂t
,

(XI ) = (X0,X1,X2,X3) = (t/d0, y/d1, x/d2, v/d3),

d0 =

√
m
k
, d1 = V

√
m
k
,d2 =

√
K
k
,d3 =

√
K
m
, (21)

where we usedṽ = d(∂x/∂y) = (∂v/∂y)dt. XI are the di-
mensionless coordinates. Note that we have here done the
natural replacement:dy2 → −dt2 + dy2 and the addition
of ma2dv2. (For the damped harmonic oscillator limit,F =
G = 0,V = K = 0,dy = 0, the line element reduces to
−mdx2 + kx2dt2 + ma2dv2[19]. ) GIJ(X) is the metric in 4D
manifold (XI ). Note that bothd1 andd2 have the same di-
mension of Length.d1 (large scale) comes fromV, whereas
d2 (small scale) fromK. The 2 coordinates,y andx, both de-
scribe the position in the space, but their roles are different.
In the terminology of the general relativity, the former is the
general coordinateand the latter thelocal coordinate. (The
momentum coordinateX3 = v/d3 is the ”extra” coordinate in
the holographic view.)

Now we take the following map from the 2D space{(t, y)| 0 ≤
t ≤ β, 0 ≤ y ≤ 2L} to the 4D space (t, y, x, v). (The 4D space
is called ”target space” in the string-theory community. )

x = x̄(t, y), v = v̄(t, y),

dx̄ =
∂x̄
∂t

dt+
∂x̄
∂y

dy, dv̄ =
∂v̄
∂t

dt+
∂v̄
∂y

dy. (22)

This map expresses a 2Dsurfacein the 4D space (Fig.7). On
the surface, the line element (21) reduces to

d̃s
2 − on surface→ e1gi j (X)dXidXj , g00 =

a2

e1

{
−H(x̄, v̄) +ma2(

∂v̄
∂t

)2 − ∂G
∂t

(
∂x̄
∂t

)2 + Ka2(
∂v̄
∂y

)2

}
,

g01 = g10 =
a2√m

e1
3/2

{
ma2∂v̄
∂t
∂v̄
∂y
− ∂G
∂t
∂x̄
∂t
∂x̄
∂y

}
,

g11 =
a2

e1

{
H(x̄, v̄) +ma2(

∂v̄
∂y

)2 − ∂G
∂t

(
∂x̄
∂y

)2

}
,

H(x̄, v̄) ≡ −2x̄F(v̄) +mv̄2 − k(x̄− Vt)2, (23)

where ∂G
∂t =

dG(v̄)
dv̄

∂v̄
∂t and i = 0,1. The number of blocksN

is a huge number, the present system statistically fluctuates.
4
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We regard the ensemble as the collection of possible surfaces
(x̄(t, y), v̄(t, y)) in the 4D space (t, y, x, v). The probability for
each surface (system configuration) is specified by its area
A(x̄, v̄) as follows. Using the (dimensionless) surface areaA,
the partition function e−βF is given by

A[ x̄(t, y), v̄(t, y)] =
1

d0d1

∫ β
0

dt
∫ 2L

0
dy
√

detgi j ,

e−βF =
∫ ∏

t,y

Dx̄(t, y)Dv̄(t, y)e−
1
αA, (24)

whereα is a dimensionless model parameter.F is the free en-
ergy.α is determined by comparing the present result and the
experimental data. Theminimum area surface, which gives
the main contribution to the above quantity, is given by the
following equation.

∂A
∂x̄(t, y)

= 0 ,
∂A
∂v̄(t, y)

= 0. (25)

4. CONCLUSION

We have treated two friction models: the spring-block
model and Burridge-Knopoff model. Both are simple earth-
quake models. We have presented how to evaluate the statis-
tical fluctuation effect. It is based on the geometry appearing
in the system dynamics. In the text, the metric is obtained in
(6) and (8) for the SB model and in (21) for the BK model.

Multiple scales exist in both models. For the SB model,
two length scales, one is from the natural length of the stringℓ̄
and the other from the external velocitȳV. For the BK model,
three length scales exist. The one from the external velocity
V, that from the spring constantK and the block spacinga. As
shown in the text, the use of dimensionless quantities clarifies
the description. The multiple scales indicate the existence of
the fruitful phases in the present statistical systems.

As described in (2) and (16), the dissipative systems are
treated by using theminimal principle. The difficulty of the
hysteresiseffect (non-Markovian effect) [19] is avoided in the
present approach. These are the advantage of the discrete
Morse flow method. We do not use the ordinary timet, in-
stead, exploit the step numbern (tn = nh).

We have presented several theoretical proposals for the
statistical ensembles appearing in the friction phenomena. In
order to select which one is the most appropriate, it is nec-
essary tonumericallyevaluate the models with the proposed
ensembles and compare the result with the real data appearing
both in the natural phenomena and in the laboratory experi-
ment.

Acknowledgment

The author thanks T. Hatano (Earthquake Research Inst.,
Univ. of Tokyo) for introducing ref.[14] and the general dis-
cussion about earthquake. He also thanks H. Kawamura (Dep.
of Earth and Space Science, Osaka Univ.) for the explanation
about the numerical simulation of Burridge-Knopoff model.

References

[1] M. B. Green, J. H. Schwartz and E. Witten,Superstring theory, Vol.I
and II, Cambridge Univ. Press, c1987, Cambridge

[2] J. Polchinski,STRING THEORY, Vol.I and II, Cambridge Univ. Press,
c1998, Cambridge

[3] J.M. Maldacena, Adv.Theor.Math.Phys.2(1998)231 [Int. J. Theor.
Phys.38(1999)1113], arXiv:hep-th/9711200

[4] S. S. Gubser, I. R. Klebanov and A. M. Polyakov,
Phys.Lett.B428(1998)105, arXiv:hep-th/9802109

[5] E. Witten, Adv. Theor. Math. Phys.2(1998)253, arXiv:hep-th/9802150
[6] M. Natsuume, AdS/CFT Duality User Guide (Lecture Notes in

Physics), Springer, c2015
[7] M. Ammon and J. Erdmenger, Gauge/Gravity Duality: Foundations

and Applications, Cambridge University Press, c2015
[8] M. Natsuume, Prog. Theor. Phys. Suppl.174: 286(2008),

arXiv:0807.1394[nucl-th]
[9] J. B. Rundle, D. L. Turcotte, R. Shcherbakov, W. Klein, and C. Sammis,

Rev.Geophys.41,1019(2003)
[10] Y. Ben-Zion, Rev.Geophys.46RG4006, doi: 10.1029/2008RG000260
[11] R. Burridge and L. Knopoff, Bull. Seismol. Soc. Am.57,3411(1967)
[12] J. M. Carlson and J. S. Langer, Phys.Rev.Lett.622632(1989)
[13] J. M. Carlson and J. S. Langer, Phys.Rev.A40 6470(1989)
[14] H. Kawamura, T. Hatano, N. Kato, S. Biswas and B.K. Chakrabarti,

Rev.Mod.Phys.84(2012)839, arXiv:1112.0148
[15] N. Kikuchi, An approach to the construction of Morse flows for vari-

ational functionalsin ”Nematics-Mathematical and Physical Aspects”,
eds. J. -M. Coron, J. -M. Ghidaglia and Hélein, NATO Adv. Sci. Inst.
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Figure 1.The spring-block model, (3).

Figure 2. Spring-Block Model, Movement,
h=0.0001,

√
k/m=10.0, η/m=1.0, V̄=1.0, ℓ̄=1.0,

total step no =20000. The step-wise solution
(2) correctly reproduces the analytic solution:
x(t) = e−η

′t/2V̄{(η′2/2ω2 − 1)(sinΩt)/Ω + (η′/ω2) cosΩt} −
ℓ̄+ V̄(t− η′/ω2) ,Ω = (1/2)

√
4ω2 − η′2 = 9.99 , 0 ≤ t ≤

2 , x(0) = −ℓ̄, ẋ(0) = 0.

Figure 3. Spring-Block Model, Energy Change,
h=0.0001,

√
k/m=10.0, η/m=1.0, V̄=1.0, ℓ̄=1.0, total

step no=20000.
Figure 4.The path{(y(t),w(t), t)|0 ≤ t ≤ β} of line in 3D bulk
space(X,P,t).

Figure 5. The two dimensional surface, (12), in 3D bulk
space (X,P,t).

Figure 6.Burridge-KnopoffModel (16)
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Figure 7.The two dimensional surface, (22), in 4D space (t,y,x,v).
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